Accounting for a nonequilibrium charging process in a positive dust-electron plasma, a theory is developed for a quasi-neutral layer separating the near-wall space-charge sheath from the bulk plasma where the charging of the dust grains is quasi-equilibrium ͑i.e., the current of the electrons emitted by a dust grain is approximately equal to the current of the electrons collected by the grain͒. The problem is solvable when the velocity of the dust particles entering the layer from the quasi-equilibrium plasma satisfies an inequality which is mathematically, although not physically, similar to the Bohm criterion. The obtained results explain the reason for the absence of a continuous transition from the Bohm criterion in a dusty plasma with a variable dust particle charge to the conventional Bohm criterion for an electron-ion plasma with constant ion charge.
I. INTRODUCTION
The interaction of a low-temperature plasma with solid surfaces is of considerable interest both from a theoretical point of view and from the point of view of applications. For a plasma without dust grains, this problem has received a great deal of attention in the literature; see, e.g., reviews 1-3, in which various aspects of the plasma surface interaction have been dealt with.
When the dust grains are added in a plasma, there appear new effects associated with the dust charge fluctuation dynamics. It has been found that the inclusion of the latter modifies the shielding radius of the dust clouds.
Our objective here is to consider the influence of the length (L) of the charging of a dust particle in a dusty plasma whose constituents are the electrons, positive dust particles, and neutrals. We focus on the case when L is much larger ͑smaller͒ than the electron Debye length D ͑much smaller than any other length scale in our dusty plasma system͒. In such a case, the charging of dust particles in the bulk plasma is ͑quasi-͒equilibrium, i.e., the current of the electrons emitted ͑thermionically 4 or through the photoemission [5] [6] [7] [8] ͒ by the dust grain is approximately equal to the current of the plasma electrons collected by the dust grain. In a region near the surface of a thickness of the order of L, the charging equilibrium is violated. We are concerned here with a theory of this region. Since the thickness of this region exceeds substantially the electron Debye length, the plasma in the bulk of this region is quasi-neutral.
The above mentioned problem deserves merit for the following reasons. In our recent paper, 9 we considered the case when D and L are comparable and they are much smaller than any other length scale. One would expect that the Bohm criterion derived in Ref. 9 should provide a transition in the limiting case D /L→0 to the conventional Bohm criterion in a plasma with positive particles of a constant charge ͑or with multiply charged ions͒. However, this does not happen. It is hoped that the treatment of the limiting case D /L→0, as provided here, will clarify the paradox.
The paper is organized in the following fashion. The model is described in Sec. II and is nondimensionalized in Sec. III. A solution is given in Sec. IV. Section V contains concluding remarks.
II. THE MODEL
We consider a stationary plasma whose constituents are the electrons, positively charged dust particulates, and neutral atoms. Charges on the dust grain surface may vary owing to the variation of the electron current that reaches the dust grain surface and of the electron current that is emitted by the grain surface. The plasma is in contact with a planar surface which is under a potential about or below the floating potential. We assume that the length L of the charging of a dust particle is much larger than D and much smaller than any other length scale, and consider a near surface plasma region of a thickness of the order of L.
The motion of dust particles in the considered region is assumed to be unaffected by impacts of the electrons and atoms. The temperature of the gas of dust particles is assumed to be much smaller than the electron temperature. It is also assumed that the time of flight of a dust particle across the considered region substantially exceeds the mean time between successive electron impacts suffered by the particle or the mean time between successive emission acts. The dust grain size and the inter-grain spacings are assumed to be much smaller than the electron Debye radius. Since D ӶL, the plasma in the bulk of the considered region is quasi-neutral; the space charge is localized in an adjacent to the surface layer of a thickness of the order of D ͑the space-charge sheath͒. The dust grain charge is, to a first approximation, constant in the sheath. Therefore, it is described by the same ͑well-known͒ solution as the sheath in a plasma with positive particles of a constant charge. Therefore, the treatment in this work is restricted to the region of a quasi-neutral plasma outside the sheath. In the following, this region will be referred to as the layer of nonequilibrium charging.
Governing equations are essentially the same as those in the previous works [9] [10] [11] and they include the continuity and momentum equations for the dust particles, the equation describing the charging of a dust particle, the quasi-neutrality condition, the Boltzmann distribution for the electron number density, and the expressions for the emission and collection currents, which are, respectively,
where y axis is directed from the surface into the plasma, n d is the dust number density, v d is the dust particle velocity in the direction towards the surface, J d is an unknown constant ͑the density of the dust flux to the surface͒, m d and Z are, respectively, the mass and the local value of the charge number of a dust particle, is the local plasma potential when compared with the potential at large distances from the surface (yӷL), I ϩ is the electron current emitted by a dust grain, I
Ϫ is the electron current collected by a dust grain, n e is the electron number density, T e is the constant electron temperature measured in energy units, f and g are well defined dimensionless functions of Z, and A is a given constant of the dimension of a frequency which is chosen in such a way that f (Z ϱ )ϭg(Z ϱ )ϭ1. The subscript ϱ, here as well as in the following, represents the values of respective quantities at large distances from the surface, yӷL. We note that the equality f (Z ϱ )ϭg(Z ϱ ) is a consequence of the fact that the charging is quasi-equilibrium at distances from the surface substantially exceeding L.
If the dust is charged by the thermionic emission, then by using the results of Ref. 4 , we can write
where Z ϭZ/Z ϱ , ␥ϭZ ϱ e 2 /RT e , ϭT e /T p , R is the radius of a spherical dust particle, T p and are the temperature and the work function of the material of the dust grains, and h is the Planck constant. The formulas ͑4͒ and ͑5͒ describe the thermionic emission of the electrons according to the Richardson equation to which a modification due to the spherically symmetric potential barrier has been introduced ͑a part of the emitted electrons cannot overcome the attracting electric field of the dust grain which is positively charged and they return to the surface of the grain͒.
In cases when explicit expressions for the functions g(Z ) and f (Z ) are needed, we shall make use of Eq. ͑5͒ and of the following formula:
The formula ͑6͒ follows from the orbital-limited motion approximation in the collisionless electrostatic probe theory ͑see, e.g., Refs. 12 and 13͒, in the framework of which the electron collection current is proportional to 1ϩe/T e , where ϭZe/R is the surface potential of the dust grain.
The boundary conditions at large distances from the surface read
where n eϱ and Z ϱ are given quantities.
The remaining boundary condition for Eqs. ͑1͒-͑3͒ is supplied by the Bohm criterion ͑a condition for solvability of the equations describing a collisionless sheath in a plasma with positive particles of a constant charge͒, which reads
Here, v ds and Z s are unknown parameters which have the meaning of the dust grain velocity and charge number at the ''edge'' of the space-charge sheath. Since D ӶL, the boundary condition ͑8͒ may be treated as being applied at the surface.
III. TRANSFORMING THE PROBLEM
With the use of the second equation in Eq. ͑2͒ and of the first equation in Eq. ͑3͒, the second equation in Eq. ͑1͒ may be written as
Integrating ͑9͒ and expressing n e in terms of Z and v d , one obtains
Expressing in Eq. ͑9͒ n e in terms of Z and v d and solving the obtained relationship jointly with the first equation in Eq. ͑2͒ for dv d /dy, we obtain
͑11͒
Equations ͑10͒ and ͑11͒ represent a closed system of equations for v d and Z. It is convenient to transform this system to dimensionless variables
where
and the length of the charging of a dust particle is defined as
͑15͒
where V s ϭV(0) and Z s ϭZ s (0).
IV. SOLVING THE PROBLEM
A solution of Eq. ͑12͒ is given by the ͑implicit͒ formula
The integrand may be evaluated by means of Eq. ͑13͒, which is supplemented with Eqs. ͑5͒ and ͑6͒. However, this solution is incomplete, since the quantities ␤ and V s are indeterminate. It follows from the first boundary condition in Eq. ͑15͒ that the function ␤Z ϪV 2 is negative or zero at ϭ0. Assuming that at →ϱ the velocity is small enough and this function is positive, one should conclude that this function has a zero at finite . Assuming that the denominator of the righthand side of Eq. ͑12͒ cannot vanish inside the quasi-neutral plasma, one comes to a conclusion that the function ␤Z ϪV 2 has the zero at ϭ0. Thus, ␤Z s ϭV s 2 and the Bohm criterion is satisfied marginally, which is the usual situation. Using the latter relationship and the first integral given by the second equation in Eq. ͑13͒, one can express the solution at the edge of the space-charge sheath in terms of ␤. We have
The function FϭF(V) in the vicinity of the point V ϭ1 has the following form:
where C 1 , C 2 , . . . are constant coefficients. One finds that
.
͑19͒
It follows from Eqs. ͑5͒ and ͑6͒ that
Ͼ0. ͑20͒
If C 1 0, the asymptotic behavior of the solution ͑16͒ at →ϱ is
Vϭ1ϩconst e ϪC 1 ϩ••• . ͑21͒
If C 1 Ͻ0, the solution ͑21͒ is incompatible with the second boundary condition in Eq. ͑15͒. It follows that C 1 must be non-negative, which amounts to ␤р1ϩ⌫ Ϫ1 , or in dimensional variables, we have
The inequality ͑22͒ establishes the lower limit of the velocity with which ͑positive͒ dust particles can enter the layer of the nonequilibrium charging. It should be emphasized that this inequality applies on the plasma side of the layer of the nonequilibrium charging and is different from the Bohm criterion Eq. ͑8͒ which applies on the wall side. However, the mathematics leading to both inequalities is similar and it is legitimate to assume that the inequality ͑22͒, similar to the Bohm criterion, is satisfied marginally. Thus, we shall set ␤ϭ1ϩ⌫ Ϫ1 . We note that ␤Ͼ1, which is in agreement with the previous assumption that the function ␤Z ϪV 2 is positive at →ϱ. Now the quantities ␤ and V s have been determined and the solution ͑16͒ is complete. We note that the asymptotic behavior of the solution at →ϱ is
and the second boundary condition in Eq. ͑15͒ is satisfied.
The evaluation of the function F(V) by means of Eqs. ͑13͒, ͑5͒, and ͑6͒ ͑for ␥у1, у1) reveals that F(V)Ͼ0 for 1ϽVϽV s . Hence, the normalized dust particle velocity in the layer of the nonequilibrium charging monotonically decreases from V s ϭ1ϩ 1 2 ⌫ to unity. Since dZ /dVϾ0 for 1 ϽVϽV s , it follows that the normalized dust particle charge in the layer of the nonequilibrium charging decreases also monotonically from Z s ϭ1ϩ 1 4 ⌫(⌫ϩ1) to unity.
V. SUMMARY AND CONCLUDING REMARKS
A transition from a positive dust-electron plasma to a wall is considered for the case when the length scale of the charging of a dust particle is much larger ͑smaller͒ than the Debye length ͑much smaller than any other length scale͒. We have found a simple analytical solution which describes the layer of nonequilibrium charging, which is a region of a thickness of the order of L separating the bulk plasma where the charging of dust grains is quasi-equilibrium ͑i.e., the current of the electrons emitted by a dust grain is approximately equal to the current of the electrons collected by the grain͒ from the near-wall space-charge sheath. This solution can be asymptotically matched with that describing the sheath, which is the same solution as in the case of a plasma with positive particles of a constant charge or with multiply charged ions. ͑Generally speaking, one needs to consider an intermediate transition region in order to perform the matching; see, e.g., Ref. 14.͒ For the problem describing the layer of nonequilibrium charging to be solvable, the velocity of dust particles entering the layer from the equilibrium plasma must satisfy the inequality ͑22͒. This inequality is mathematically, although not physically, similar to the Bohm criterion, and one can expect that it is fulfilled in a marginal form. It follows that a dust particle is accelerated in the layer of nonequilibrium charging from the velocity of ͱ⌫Z ϱ T e /(⌫ϩ1)m d , specified by the right-hand side of ͑22͒, to a velocity which is higher by the factor of 1ϩ 1 2 ⌫ and which follows from the ͑local͒ Bohm criterion.
When a dust particle enters the layer of nonequilibrium charging from the equilibrium plasma, its charge increases. This is caused by a decrease of the electron number density in the plasma in the direction towards the surface, which causes a decrease of the electron current collected by a dust grain. A factor that limits the growth of the dust grain charge is an increase, with increasing charge, of the potential of the grain surface, which results in an increase of the potential barrier around dust grains and, consequently, in enhanced reflection of emitted electrons back to the grain, and also contributes to an increase of the electron collection current. It follows from the above results that the dust particle charge increases by the factor of 1ϩ 1 4 ⌫(⌫ϩ1) on crossing the layer of nonequilibrium charging.
The asymptotic structure of the near-wall region is schematically shown in Fig. 1 .
In Ref. 9, we considered the case when D and L are comparable and they are much smaller than any other length scale. Deviations from the equilibrium charging and from the quasi-neutrality occur on the same length scale in this case. In other words, one should consider in this case a quasineutral region of the charging equilibrium and a spacecharge sheath with the nonequilibrium charging, adjacent to the surface. A condition of solvability for such a sheath model may be termed as the Bohm criterion for a collisionless sheath with variable charge of positive particles. This criterion, derived in Ref. 9 , is independent of the parameter ␣ϭ D /L and it coincides with the inequality ͑22͒.
In the limiting case ␣→0, the model of a space-charge sheath with the nonequilibrium charging becomes identical to the model of a sheath in a plasma with positive particles of a constant charge ͑or with multiply charged ions͒. However, the Bohm criterion derived for finite ␣ ͓and coinciding with the inequality ͑22͔͒ does not provide a transition in the limiting case ␣→0 to the conventional Bohm criterion in a plasma with positive particles of a constant charge, given by the inequality ͑8͒. The reason is clear now: For ␣→0, the inequality ͑22͒ represents a condition of solvability of the problem describing the ͑quasi-neutral͒ layer of the nonequilibrium charging rather than of the problem describing the space-charge sheath. We note that in the case ␣→0 the inequality ͑22͒ applies on the plasma side of the layer of the nonequilibrium charging, where the charging is equilibrium, while the Bohm criterion ͑8͒ applies on the wall side, where the charging is frozen. In other words, the inequality ͑22͒, coinciding with the Bohm criterion for finite ␣, ceases to represent the Bohm criterion for ␣→0.
One can say that there is no continuous transition from the Bohm criterion in a dusty plasma with variable ͑positive͒ dust particle charge to the conventional Bohm criterion for a plasma with constant charge of positive particles. It is appropriate to note in this connection that there is also no continuous transition between the velocities of respective dust acoustic waves. Indeed, the velocity of dust acoustic waves, whose amplitude is proportional to exp(Ϫitϩikr), in a collisionless dusty plasma with a variable dust particle charge and low translational temperature of the dust is governed by the dispersion relation
where c D ϭͱZ 0 T e /m d . Assuming that the wavelength is much longer than the Debye length, one can drop the second term on the right-hand side. If the frequency of the wave is much lower than the inverse characteristic charging time, viz., ӶA/Z 0 , one obtains from ͑24͒ that the phase velocity equals the right-hand side of the inequality ͑22͒, /k Ϸc D ͱ⌫/(⌫ϩ1). Obviously, this limiting case corresponds to a wave with the equilibrium charging of dust particles. In the opposite limit, viz., ӷA/Z 0 , one finds from Eq. ͑24͒ that the wave velocity equals the Bohm velocity, viz., /k Ϸc D . This limiting case corresponds to a wave with frozen charging. However, there is no solution with a real velocity in the intermediate case, ϭO(A/Z 0 ). From the above discussions, it follows that the dust particles are accelerated in the region of the equilibrium charging up to the velocity ͱ⌫Z ϱ T e /(⌫ϩ1)m d . The physical mechanism of this acceleration may be similar to that considered in the theory of ͑quasi-neutral͒ pre-sheath in the case of a plasma without the dust grain ͑e.g., Ref. 2͒.
